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Quantum Stochastic Evolutions

G. O. S. Ekhaguere'?
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Quantum stochastic differential inclusions of hypermaximal monotone type are
studied, under very generai conditions, by means of certain discrete schemes
which approximate them. The existence of an evolution operator corresponding
to each such inclusion is proved.

1. INTRODUCTION

In Ekhaguere (1995), we introduced the class of quantum stochastic
differential inclusions of hypermaximal monotone type and proved that, sub-
ject to some continuity condition on the resolvent of its associated hypermaxi-
mal monotone multifunction, every member of the class possesses a unique
adapted solution. The class is interesting because its members model the
temporal evolution of quantum systems. In this paper, we consider quantum
stochastic differential inclusions involving multifunctions {P(t, -): t € [0,
T}, T > 0} that are hypermaximal monotone for almost all ¢+ € [0, T] and
study the problem of the existence of evolution operators corresponding to
them. We work under assumptions that are substantially relaxed relative to
those employed in Ekhaguere (1995) and adopt a constructive approach
involving the solving of a discrete set of approximating inclusions. Ordinary
differential inclusions of evolution type in arbitrary Banach spaces have been
extensively studied in recent years by a number of authors (Crandall and
Pazy, 1972; Crandall, 1973; Crandall and Evans, 1975; Kobayashi, 1975;
Evans, 1977, Kobayashi et al., 1984; Iwamiya er al., 1986; Oharu, 1986).
In this paper, we adapt the techniques and arguments of Evans (1977) in
the Banach space context to the present noncommutative setting involving
inclusions in certain locally convex spaces.
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A summary of the rest of the paper is as follows. In Section 2, we
assemble some basic notions and results which are used throughout the paper.
Section 3 describes the initial value quantum stochastic differential inclusion
(3.2.1)x that is studied in the subsequent sections. As shown in Ekhaguere
(1992), Problem (3.2.1)y is equivalent to Problem (3.2.1),. The hypermaximal
monotone multifunctions associated with these inclusions are time-dependent.
We prove that, under the hypotheses introduced in this section, the generalized
domains (Crandall, 1973) of these multifunctions are essentially independent
of time. Using a nice choice of partitions of the time interval, we introduce
discrete schemes which approximate Problem (3.2.1), in Section 4. Proposi-
tion 4.1 gives information on how the solutions of two such schemes compare.
Section 5 contains the proofs of two fundamental results: Theorems 5.1 and
5.6. These assert the uniform convergence of the sequence of solutions of
the approximating schemes. The limit solutions of two inclusions (3.2.1)y
and (3.2.1)y are compared in Section 6. In Section 7, we describe the evolution
operator associated with a limit solution and interpret the multifunction P
as its generator. The final Section 8 establishes the relationship between a
limit solution of Problem (3.2.1)x and a solution of the same problem. 1t is
shown in Theorem 8.1 that a solution of Problem (3.2.1)y may be realized
as the limit of solutions of approximating schemes of Problem (3.2.1)p. As
a corollary, it is proved that if Problem (3.2.1)x has a solution, then it must
coincide with the limit of the solutions of its approximating schemes.

2. BASIC NOTIONS AND RESULTS

The setting of this paper is essentially as in Ekhaguere (1992, 1995).
We first assemble some of the important notions and results which are
employed in the subsequent discussion.

Let & be a linear space and n € N, the natural numbers. Then " [resp.
X" denotes the Cartesian product [resp. algebraic tensor product] of n
copies of Z. The n-fold Hilbert space tensor product (Reed and Simon, 1972)
of a Hilbert space & with itself will also be denoted by ¥". Given two
subsets A, B of &, a point ¢ € ¥, and scalars o, § e C, the complex numbers,
we define eA + BB by

oA + BB ={oa + Bb.ae A be B}
and ¢ + A by
ctA={c+aaceAl

We use the notation sesq(#X) for the set of all sesquilinear forms on the
linear space &. A member p of sesq(¥X) will be assumed conjugate-linear on
the left and its value at the point (x, y) € %? will be written as p(x, y).
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2.1. Fock Space Setting

To each pair (I, Y) consisting of a subinterval I C R, = [0, ) and
a complex Hilbert space Y, with B(Y) as its Banach space of bounded
endomorphisms, we associate the linear space L3([) of Bochner square-
integrable Y-valued functions on / and the linear space L3,(/) [resp.
Lzyiec(D] of all measurable, locally bounded functions from 7/ to Y [resp.
to B(Y)]. The space L3 .(]) is a left Ly, oc.(/)-module if, for f € L3 (D
and 7 € Ly, (]}, the member wif € LY, (]) is defined by (nf)(r) = w(5)f (1),
for almost all t € 1.

If D is a complex pre-Hilbert space and H its completion, we write
L (D, H) for the linear space of all linear maps x from D to H such that the
domain of the operator adjoint x* of x contains D, and I'(H) for the boson
Fock space (Guichardet, 1972) over H. For f € H, define ®" f = 1 and if
n = 1, define ®" f as the n-fold tensor product of f with itself. Then

e(f) = 690 (nhH"? Q" f

lies in I'(H) and is the exponential vector associated with f. The exponential
vectors in ['(H) generate a dense subspace.

Throughout the paper, D is a complex pre-Hilbert space with completion
R, and E, E, and E’, 1 > 0, are the linear spaces generated by the exponential
vectors in T(LA(R,)), T(L3([0, 1)), and T(L3([t, ®))), t > 0O, respectively.
The inner product and norm of the Hilbert space R @ ['(L}(R,)) will be
denoted by (-, -y and || ||, respectively. We write &, «,, and &' for the linear
spaces of linear operators defined as follows:

= LHD ®E, R @ I'(LH(R,)))
A, = LD ®E, RQTUKI0, ))& I
A= 1,® LIE, Tt ), t>0

where & denotes algebraic tensor product throughout the paper and 1, [resp.
1'] is the identity map on (R ® [(L3([0, 1)) [resp. T(L{([z, ®)))], ¢ > 0. It
is evident that &, and ', t > 0, are linear subspaces of . This space will
be endowed with the locally convex topology T, whose generating family
{IIlqe m & € D @ E} of seminorms is defined by

lelln.g: I<n3x§>[7 —xe‘ﬂ» n9§€D@E
The completions of the locally convex spaces (¥4, 7,), (A, 7.), and (A, 1,.),

t > 0, will be denoted by o, &, and &', t > 0, respectively.
The net {,: t € R.} furnishes a filtration of .
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In the sequel, we denote T'(L3(R,)) simply by I'. We write 1 for the
identity map on <R @ I and (-, -);, for the inner product of the Hilbert
space (R ® )2,

2.2. Tangent Functionals

Form, £ e D®E and 0 # \ € R, introduce the R-valued functionals
[-, “lpgand [+, “Jxne On A X o by

_ Re{(ug, n)(n. vE)
e vhe = 00

and

v + Nullne = Vllqe
(4, VIxme = T;\ s

u,v € s, where Re(: - -) always denotes the real part of (- - -). One verifies that

2
[, Viame = [0 Zhmell = X lu = yllqe + v — zllqe

Moreover, the family {[-, -], M, £ € D @ E] enjoys the following easily
checked properties.

Proposition 2.1. Forn, £ e DQE, u,v,y,z € s, € C,and s, t € R:
(l) [M, v]n& = ]im)\—)O[uv v])\,ng-

(i1) [ou + z, ulye = Re(a) flullqe + [z, ulye

(iii) [su, vl = (st/1tD)[u, vige

(iv) [u + z, vl = [, vl + [z, Ve

(V) [, vige = llu + vl — Ivlloe

(vi) 1, vIng! = flufloe

We shall employ these results in the sequel.

2.3. Multifunctions

Much of the subsequent analysis will focus largely on multifunctions
(also called set-valued or multivalued maps) (Aubin and Cellina, 1984; Kisie-
lewicz, 1991) from o to 27, where ¥ = o, sesq(D @ E), or sesq((D ®
E)2). If P: A — 27, then its domain is D(P) = {x € d: P(x) # B}, range
is range(P) = U,cq P(x), and graph is graph(P) = {(x,y) € d X P y
e P(x)}.

The sum of two multifunctions P, @ from & to 27 is defined by
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_ P(x) + 20 if DOP)NDG9) +0
&+ D) = {Q} otherwise

x & A. Given
ped, P d—2ewOEED  p g psesaDRE)

B: 427 mEeD®E, (., e (DB

we use the following notation:
Px)(L)y L) = (P, L2): p is a sesquilinear form on (D & E)?
and p € P}, x € D(P)
P(x)(m, §) = {p(n, £): p is a sesquilinear form on D & E and
p € P(x)}, x € D(P)
B(x)(w, & = {(n, bE): b € B(x)}, x € D(B)
Bx) @ xy = {b®xp: b € Blx)}, x € D(B)

and denote the multifunction x —~ B(x) ® x, from D(B) C & to 2%*< by B
® Xg.

Definition. A muitifunction P: d — 2°9028 will be called regular if,
for o, B € LY 1oc(R,), there is a multifunction Pug: D(P) C A — 2% such that

P(x)(m, &) = (M, Peg()E),  x € D(P) (2.3.1)

forallm, £ e DQE, withm = u®ela), {§ =v el o, B €
L?IOC(RO—)v u, v e D.

Remark. We will be interested in multifunctions
. D(@)) C & - zsesq((D@E)(l))

which are associated with regular multifunctions from & to 2°¢PE8) a5
follows.

Definition. We say that
P DP)YC A — 25esq(DBEN)
lies in the class Reg(sd), if there is a regular multifunction

P: D(P) C d — 2°5(DEE)
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with representation as in (2.3.1), such that

P @ M2 & @ &)
= <T]] ® T2 (Palm(X) ® 3)(&[ ® §3)>(3,, X & D(P) (232)

for arbitrary v;, § € D Q@ E, with m; = 1; ® e(w), § = v; ® e(B)), o, B
€ L?‘,lOC(R-i—)a uja vj € D,_] = l, 2

Notation. When (2.3.2) holds, we shall often write ? = P ® 1.

2.4. Monotone Multifunctions

The notions of monotonicity for the members of the class Reg(sd),
which we employ in the sequel are described as follows {see Ekhaguere
{1995) for a more general setting].

Form, £ € DQE, ®, (-, -) denotes the map from AXAS>R®
I" given by

P, ) =M@ —yE  xyed

Notice that @, g(x, ¥) = Pgx — 3, 0), x, y € A.

Let (, £) € (D ® B If (R @ D))y, denotes the closure of (d ®
A)E ® m) in (R ® 1P, then Dy, is a global D-system for the pair (A,
(M ® )2, over & in the sense of Browder (1976).

Definition. A member P of Reg(sd),, assumed already represented in
the form (2.3.2), will be called:
(i) Monorone if

Re(((a - b)(g ® T])’ (D('q,g)(x1 )’))(2)) = 0

whenever a € Pog(x) @ 1,6 € Pe(m @ 1, x,y e D(P),andm, E =D Q
E,withm=u®e(a), E=v®eB) o, B e LY o{R), u, v € D.

(ii) Maximal monotone if the graph of P is not properly contained in
the graph of any other monotone member of Reg(sd),.

(iii) Hypermaximal monotone if P is monotone and (a) the range of
the map

x 2 idg() @1+ Pp) ® 1, x e DP), a, B e LinR)

is all of & @ 1, and (b) (ida(*) + Pep(*) @ )™\, B & Li1nel(R,), is a
continuous single-valued map from o ® 1 to D(P).

Here, id;(+) is the identity map on A.

Remark. 1. A number of results about monotone maps were established
in Ekhaguere (1995); see, however, the Appendix to this paper.
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2. Notice that P e Reg(sd)q, with representation of the form (2.3.2), is
monotone iff [y, — y2, x; — xalqe = 0, for all pairs (x;, y1), (x2, y2) in the
graph of Pg, forallm, £ e D@ E, withm = u Q e(a), £ = v ® e(B), «,
B e LRy, u, v € D.

Notation. We denote by Hypmax(/ X ) the set of all multifunctions
%, with domains in / X & and values in 25985 such that for almost
every ¢ € I, the multifunction

P, ) D(P(, -) C Sl — 258(DEEN?)

is regular and hypermaximal monotone.

2.5. Resolvent and Yosida Approximation

Let ? e Hypmax(/ X ). Then, for almost every t € I, there is a
regular multifunction

P(t, -} D(P(t, -)) C o — 2sea(DBE)
with the representation
P(t» X)(Tls g) = ('ﬂ» PC{B({’ X)g), X € D(‘P({a .))

forallm, £ e DO E, withm = u ® e(@), £ =v ®eP), a, B e
L% 1(R,), u, v € D, such that

P, ) @M & B E)
= (nl ® nZ’ (Pa|[3|(t’ -x) ® 1)(gl ® g?_))(l)s X € D(P)g ‘&

for arbitrary w;, § € D @ E, with m; = u; ® e(e;), § = v; @ e(B)), o, B;

€ LYlOL(R+)s J» Vj € Ds] = 1, 2.
Let A > 0 and o, B € LY. (Ry). For almost all ¢ € 1, define

nap(t, *) = (ida(-) + NPag(t, -))™"
I .
Pyroglt, ) = X (dg(*) — Nraplt, - )
These single-valued maps give rise to the sesquilinear forms J,\(¢, x) and
P\, x), (t, x) € I X A, defined by
‘])\(tw x)("']» g) = <T]1 ‘,7\ O(B(tﬂ X)g)
Py(t, x)(M, &) = (M, Pyop(ts &)

for arbitrary m, £ e D ® E, with ) = u @ e(e), £ = v Q e(B), . B €
L-f’.loc(RJ, u,v e D
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The single-valued maps J,(¢, -) and P, (¢, -) are called the resolvent and
Yosida approximation, respectively, of the multifunction P(z, -).

We refer to Ekhaguere (1995) for a description of some of the properties
of these maps. The following results will also be needed in the sequel.

Proposition 2.2. Letm, £ € DQE, withm = u ® e(a), § = v & e(B),
a, B € Ly(R,), u, v € D. Then, the following statements are true.
() For A\, n > 0, x € A, and almost all ¢ € [,

jh,aB(t? I) = '}u..uﬁ(t’ %X + A ;\ B J}\-QB(I’ X))

(i) For0 < w = \, (t, x) € I X &, and arbitrary m, £ € D @ E, with
nm=u ® €(CY.), g =y ® E(B), x, B € LaYc.loc(Rq-)v u,v e D9
[P\, x)(m, §)1 = IP,(t, x)(m, §)!

Proof. If x € s, then there is a point (xo, ¥o) in the graph of Pu(t, +)
such that x, + Ayy = x. Since

v A p
Ex+
x N

and the pair (xo + pyo Xo) is in the graph of the single-valued map
Jyop(t, +), one gets

K —
Dy oplt, X) = % (xo + Ayo) + T“‘Xo = Xxp + Wwyo

A J—
X0 = Sraplt, X) = Jap(t, Xo + pyg) = Ju,aﬁ(tv %x + N E I\ aplt, X))
(ii) This is proved as follows. Let 0 << . = A. Then
EP(t, )(m, §)

= 1(n, Prop(t, 0)E) |

1
= X |<T]v (x - J)\,(xB(ta x))g)'
1 |
= X ”-r - Jp,,aﬂ(rs x) ||T]§ + X ”‘quﬂ(t'! -x) - J)\.aﬁ(rv x) ” n.E
1 A —
= % ll Pu.aﬁ(a »’»‘)lln,g + X ju.uﬁ(a X) - Ju,.o:B(?» %X + N R -]?\,aﬁ({’ X))
n4
[using (i) above]
B 1 oy A
< N | Pty )lne + N N Sy ap(t, X) .
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_ K A= e = aplt )|
A ”Pu.aB(tv X) "nﬁ + A | A I

nE
A —
= E " Pp.,uﬁ(tw X) “n.& + “‘ ”P)\.uﬂ(tv x) ”n,&
A A

whence

[P, 0, ) = TP 0M, I, 0<p=Ah
forallm, £ €e D®E, withm = u®e(a), £ =v®eP) a, B e
LY 1o(Ry), u, v & D. This concludes the proof. =
2.6. Spaces of Sesquilinear-Forms-Valued Maps

We shall employ certain spaces of maps whose values are sesquilinear
forms on D & E.

Let I C R, be a subinterval and L%, D @ E) the set of all sesq(D ®
E)-valued maps on /. Now, L%, D @ E) acquires the structure of a linear
space if the linear combination au + Bv (o, B € C)of u, v e L, D ®
E) is defined by

(au + Bv)(D(, &) = au(t)(m, §) + Bu(H(n, &)

t e I,m, £ e D® E. Observe also that every si-valued p on [ is in L°(/, D
& E), since p may be identified with the map whose value at ¢t € [ is the
sesquilinear form (m, &) — (m, p(N€), 1. £ € D Q E.

In addition to L%/, D ® E), we introduce the spaces M(I, D @ E), L*(I,
D®E), L, D®E), 1 =p = and C(, D Q E), which are defined
as follows:

MU, DQE)= {z e LU D®E): themapt =~ z()(n, §), 1t € [,

is Lebesgue measurable for arbitrary m, £ € D ® E}
(ILD®E)={z e L%, D ® E): the map t = z()(m, §), 1 € [,

is in LP(]), for arbitrary m, £ € D ® E}

L, (I,D®EB) = {z € LU DQE) themapt =~ z()(n, §), t € [,

is in L{, (D), for arbitrary m, £ € D ® E}
CU,D®E)= (z e L°U, D E) themapt ~ z(t)(n, &), ¢ € [,

is in C(1), for arbitrary m, § € D @ E}
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These are locally convex spaces: the topologies 7, of L’(I, D @ E), Tp o of
L7.(I, D ® E), and 1., of C(/, D @ E) are generated by the seminorms

Tp: {”"png Tl’g e D @ E}

lip
with |z, = U dr 1 z{t)(m, &)l”)
}

Tpioe: AN llpxne: K = compact subset of , 1, § € D ® E}

p

j
with 1zl = ( j dt 15, gw)
K

Teon: | ” ) “con,nf;: s EeD @ E}
with Hzncomng = %Ugiz(f)(ﬂv g)l

respectively.

Definition. A member z € L%, D ® E) is:

(i) Absolutely continuous if the map t — z(f)(n, &) is absolutely continu-
ous for arbitrary m, £ € D @ E.

(i1) Of bounded variation if

SUP(El [2(t)(n, &) — z(t;- )M, &)I> < o
=

for arbitrary m, £ € D @ E, where the supremum is taken over all partitions
{t;iYigof I

(ii1) Of essentially bounded variation if z is equal almost everywhere
to some member of L%/, D ® E) of bounded variation.

Remark. The following result will be employed below.

Proposition 2.3. Let T> 0, m, £ € D @ E, h: {0, T] — & a member
of L'([0, T], D @ E), and € > 0. Then, there is a partition Ay = {0 = , <
t < -+ < ty < T} such that:

(i) max,<y=y = €and T — ty < €.

(ii) The step function g: (0, ty) — o defined by

g(n) = h(r) for re (-, ), k=12,...,N

satisfies

llg — Allfne =

where {||-|{¢ m, £ € D ® E} is the family of seminorms of L'([0, ¢,], D
QR E).
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Proof. Either (a) [|{|{"): = 0 or (b) |2]|{*} # 0. If (a) holds, then there
is nothing to prove. In case (b) holds, one argues as in Lemma 4.1 of Evans
(1977) to conclude the proof. =

3. INCLUSIONS OF EVOLUTION TYPE

Let I be a subinterval of R,. As in Ekhaguere (1995), a map X: / — A
will be called a stochastic process indexed by 1. If X(t) € 54, foreach t e
I, then X is adapted. The set of all adapted stochastic processes indexed by
I will be denoted by Ad(/, s), with Ad(R,, sd) written simply as Ad(s{). As
clarified in Section 2.6, Ad(J, &) is a subset of L%/, D @ E) in a natural
way. Therefore, the notions introduced in that subsection apply also to the
members of Ad(I, ).

3.1. Quantum Stochastic Integration

We fix f, g € LY1(R)) and ™ € Liyv,1.(R,) throughout the paper. To
these maps correspond the adapted stochastic processes Ay, A7, and A,
defined by

Aty = a(fxon) O 1"
AZ (1) = a*(gXn) @ 1
A1) = Nrxo) ® 1

where t € R,, a(f), a*(g), and A() are the annihilation, creation, and gauge
operators of quantum field theory (Hudson and Parthasarathy, 1984) and x¢
is the indicator function of the Borel set C C R,.

If p, g, u, v € L3 (I, D ® E), I C R,, then in the sequel, we interpret
the stochastic integral

J (p(s) dA(s) + q(s) dAf(s) + u(s) dA;(s) + v(s) ds)
i
in the sense of Hudson and Parthasarathy (1984).

3.2. Stochastic Differential Inclusions

For M a closed subset of & and 1, £ € D ® E, we define [[M]], ¢ in
the sequel as in Ekhaguere (1992), p. 2006.

Let ] C R, be a subinterval. In the subsequent discussion, we deal
mainly with muitivalued stochastic processes indexed by I. These are maps
®: ] — 2% with closed values. If ®(1) C o, for each ¢ € I, then ® is called
adapted. Suppose ®: I — 2% is adapted. If t = [P, t € [, is in
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L2.(]) for arbitrary n, £ € D ® E, then ® is locally absolutely square
integrable. The set of all such multivalued stochastic processes will be denoted
by LA, H)myss With LE(R,, )y written simply as LE()mys, and the
notation L}, (/ X A)mvs Will be reserved for the set of multifunctions ®: 7 X
& — 2%, with closed values, such that the map ¢ — D@, X(1)),t € [, is in
L2 (I, )y, for arbitrary X € Ad(/, &) N L},(I, D ® E).

In the sequel, T > 0, E, F, G, H are in Li.([0, T] X )ms, p: [0, T] =
o is an adapted stochastic process, and the following initial value stochastic
differential inclusion is introduced as in Ekhaguere (1995), Section 5.1:

dX(r) e —(E(t, X(1)) dAL(t) + F(t, X(1)) dAL(1) + G(t, X(1)) dA;,‘(t)
+ H(t, X(1)) dr) + p(2) dt, almostall re (0, T] (3.2.1)y
X(0) = xg for some x, € A

As in Ekhaguere (1995), we recast this inclu§ion as follows. For a, B
€ L30(R,), define the multifunction P,g: R, X o — 2% by

Pop(t, x) = wop(DE(L, x) + vg(DF (L, x) + a,(DG(t, x) + H(t, x)

where pop(f) = (a(), TOBE)y, vat) = (D), By and oo(r) = (),
gy, (£, x) € R, X A, and (-, - )y is the inner product of the Hilbert space
Y. This gives rise to the multifunction

P: [0, T] X s — 25esaD2E)
defined by
P(1, x)(m, &) = (m, Pyg(t, X)E)
= {(M. Paplt, 0E): pap(t, X) € Pog(t, 0} (3.22)

tx) e R XA, M EecDOE, withn =u® e(a), £ =v® eP), a, B
€ L¥0c(Ry), u, v € D. Then, by Theorem 6.2 of Ekhaguere (1992), the initial
value stochastic differential inclusion (3.2.1)y is equivalent to the following
initial value nonclassical differential inclusion:

d
7 (n, X(ng) € —P@t, X()(m, §) + {(n, p(§)  almostall ¢ e (0, T)
X0)=x,ed (3.2.1)p
for arbitrary (1, £) € (D & E)2

Definition. A map ¢: [0, T} — o is a solution of Problem (3.2.1)y if it
is adapted, absolutely continuous, and satisfies
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do(t) € —(E(t, o(t)) dAL(t) + F(t, o(1)) dALt) + G(t, (1)) dA; (1)
+ H(t, (1)) dt) + p(t) dr almost all r € (0, T]
P0)=xy e A

Definition. Problem (3.2.1)y will be said to be of hypermaximal monotone
type or evolution type if the multifunction P in (3.2.1)p is such that % = P
® 1 lies in Hypmax(R, X ). Similarly, Problem (3.2.1)y is Lipschitzian if
P is Lipschitzian, as explained in Ekhaguere (1992).

Remark. 1. In Ekhaguere (1992), we established the existence of a
solution of a Lipschitzian stochastic differential inclusion and proved a Relax-
arion Theorem giving the relationship between the solutions of such an
inclusion and those of its convexification. In Ekhaguere (1995) we proved that
a stochastic differential inclusion of hypermaximal monotone type possesses a
unique adapted solution, obtainable as the limit of the unique adapted solutions
of a one-parameter family of Lipschitzian stochastic differential equations.

2. In this paper, we consider quantum stochastic differential inclusions
involving multifunctions {P(t, - ): ¢t € [0, T}, T > 0} that are hypermaximal
monotone for almost all r € [0, 7] and study the problem of existence of
evolution operators corresponding to them.

3.3. The Hypotheses on P and p

Let T > 0. In the sequel, we shall impose some of the following
hypotheses on the multifunction P and the adapted stochastic process p.

(Sp) For almost all ¢ € [0, T}, the multifunction P(r, -) = P(t, -) ® 1
is hypermaximal monotone, i.e., P(t, -) = P(t, - ) ® 1 € Hypmax([0, T] X ).

(S,) (a) There exist Aq > 0, a member h: [0, T] — & of L'([0, T}, D
& E), and a nondecreasing continuous function L: R, — R, such that

[Py(t, XXM, &) — Pi(s, ©)(m, )1 = [[a() — ()]l Ll xllg)

for arbitrary m, £ e D®E, 0 <\ < Ao, x € &, and almostall 0 = 5, < T.
(b) The map p: [0, T] — & is in L'({0, T], D ® E).
(S,) (a) There exist Ay > 0, a member A: [0, T) — 4 of M(I, D ® E)
of essentially bounded variation, and a nondecreasing continuous function
L: R, — R, such that

| Py(t, x)(n, &) = Py(s, 0)(m, ©)1 = [[A()) = h(s) [l e Ll x]ln0)
(1 + 1Pt x)(m, ©)1)

for arbitrary m, £ e D@ E, 0 <A =\p,x € f,and almostall 0 < s,r = T.
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(b) The map p: [0, T] — s is in M([0, T], D ® E) and of essentially
bounded variation.

Remark. 1. Compare the inequalities in (S;)(a) and (S;)(a) with the
inequality in Proposition 5.4 of Ekhaguere (1995). Using the latter inequality
and with p = 0, we proved in that paper that (3.2.1)y possesses a unique
adapted solution.

2. Throughout the paper, a reference to (S,) [resp. (S,)] always means
the combination (S;}(a) + (S,;Xb) [resp. (S:)(a) + (S)(b)].

Notation. Let m, § € D Q E and {1, x) e [0, T] X D(P(r, ). By
Proposition 2.2(ii), the map A — P\(¢, x)(n, &) is monotone decreasing for
allm, £ e DO Eand (1, x) € [0, T] X .

In the sequel, | P(, x) |, and D(P(1, +)) are defined by

LP(t, x) | = 1133):&(:, 0, O, mEeD®E, (Lx)el0,TIXd

and
DP(t, ) =[x e A IP(t, )l <wform,E e DOE}, e[0T

We write D(P(t, -)) for thp closure of D(P(t, -)). X
Notice that D(P(r, -)) C D(P(t, -)) C D(P(¢t, -)). The set D(P(¢, ) is
called the generalized domain of P(t, -).

Remark. We shall repeatedly employ the following immediate conse-
quence of the above hypotheses.

Proposition 3.1. Suppose (S) holds for P. If, additionally, either (S,) or
(S») also holds, then the multifunctions ¢+ — D(P(¢t, +)) and ¢t — D(P(t, ))
from [0, T] to 2% are constant almost everywhere.

Proof. Let (Sy) and (S,) hold. Let [0, T], be the subset of {0, T] on
which h is defined and s, ¢t € [0, T],. Then

LPA(5, x)(n, €)1 = I Py(s, x)(n, §)1 = || (D) (3.3.1)
= h()llq e LUIxT4.8)

whence
LP\(s, x)(m, §)1 < IP\(t, )(n, ©)1 + [|A()) — h() e Llxllne)

forx e D(P(t, -)) and M, £ € D ® E. It follows that x € D(P(s, -)) whenever
x € D(P@, ), ie., D(P(t, -)) C D(P(s, +)). Similarly, one gets that D(P(s,
)y C D(P(1, -)). Hence, D(P(s, -)) = D(P(t, -y, for arbitrary s, t € [0,
T;, showing that the multifunction ¢ ~ D(P(t, -)) is constant almost every-
where. This also proves that the multifunctions ¢+ ~ D(P(t, *)) and ¢t ~
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D(P(r, -)) are constant almost everywhere. The proof is similar when we
assume that (Sg) and (S,) hold.

Remark. Let the hypotheses of Proposition 3.1 hold. If t = P(z, -) and
h are defined at a point £, € [0, T] and x; is a fixed member of D(P(t, *)),
then form, £ € D Q E, (3.3.1) gives

| PA(s, x5)(M, €)1 =< k¢ (33.2)
+ Kellhlloe almost all s € [0, T)

where k¢ and k3¢ depend on | P(ty, Xx5) | g, | X5live and I1A(to) e

4. ITERATIVE ESTIMATES

In this section, we introduce discrete approximations of Problem (3.2.1),
and compare the solutions of two such approximation schemes.

In the sequel, partitions are assumed to consist of points not falling into
the null set where (Sg), (8)), or (8,) fail.
4.1. The Approximation Schemes

Let {s;}!2,, {#}= be two partitions of [0, T] and { p;}/Z,, {qi}i=) two
subsets of members of . Then, we consider the solutions {xj}}‘i. and
{(yx}2= 1, consisting of members of A, of the discrete schemes

L___'w e —P(s;, x)(m, §) + (n, p;£)),
Si 81
j=12....M (4.1.1),
and

M 7k — =16

e —P(t, y)(m, &) + (m, &),

7
k=1,2,....N (4.1.1),
form, £ € DXE.
Introduce the notation

Yi T 8% T S O = i — li—

By
op =K =12, M k=1,2... N

v + &

1L = max {||x;
ng ()-sjsM{” jlln.g}

p, + U

3¢ = max {

O=j=M

form, £ e DR E.
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Remark. (i) Using the notation of Section 2.5, we can rewrite the inclu-
sions (4.1.1); and (4.1.1), equivalently as follows:

_Yj_| hnt Xj
J)\Gj&&ﬁ(‘g]" X + )\ij(pj + —’>) =X (412)1

;i

Ye—-1 — Yk
J)\ajk‘u13<[k1 Yk + )\O-jk(Qk + gs—l\)) = Yk (412)k
k

forallA >0,0a,B8 € LY (R),j=1,2,...,. M;k=1,2,...,N. One
sees this in the case of (4.1.2), thus. Letm, £ e D R E, withn = u & e(a),
E=vQ®eP) a, B e LJ)(R)), u, v € D. Then, from (4.1.1);, one gets

Xp ™ Xj—1

€ —Puuls;, x) + p;
R/

whence

17X
Xj € X; + )\ijPaB(Sj‘xj) - )\O’jﬁ. pP; + —'Y—_
J

Equation (4.1.2); follows from this. The proof of (4.1.2), is analogous.
(i) Using (4.1.2);, one gets

.Xj_] - Xj
)\ij P)\ajk.al3<sjv Xj + )\Gfk(pj + ))
Y
- X

S -y + A pUL o
xojrapl S Xj Tkl Pj v
i

Xj-\
Yi

Kiwy ™ X
= Mjk(ﬁj + gﬁ)
J

showing that

_rj

Xi_ J
Pxojk(sj, x; + )\O'jk(pj + %‘))(T}» E)‘
i

_ BN X-1 7 %
= |[Projad| 85> X + Aol p; + v
J ng
= \p; e L 7%
! Yi nt
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fora>0,j=1,2,....,M;k=1,2,...,N, and arbitrary m, £ € D ® E,
withn =t @ e(a), £ = v®elB), a, B € LY (R, u, v € D.

(iii) We now compare the solutions of the discrete schemes (4.1.1),
and (4.1.1);.

Proposition 4.1. Assume that

(i) P satisfies (Sy) and either (S,) or (S,).

(i) (4.1.1);and (4.1.1); holdforj=j =M, | =k s N.

Then, form, £ e DX E, withm = u ® e(a), E=vQ e(B), o, B &
L¥1oc(R,), u, v € D, there is a nonnegative constant k... depending on £ if
(S)) holds, but otherwise on both [}, and I3 if (Sy) holds, such that

i
+8 || = V- |||ng

lx; = yillae = - || = Villge +
;0%

+
+8

(kqg"h(s ) h(tk) "T]E + p Gy Xj — _Vk]ng)

I=j=M1I=k=sN

Proof. We shall prove the result under the hypotheses (Sp) and (S,): the
proof is simpler when (Sp) and (S;) are assumed.

Letn, £ €« DRE, withm = u®ela), £ =v@efP)a B e
L316(Ry), 4, v € D. Then,

Ux; = vl Y3

Xj_| - Xj
J?\(Tjk‘ﬂg Sj., Xj -+ )“O}A pj + —
Y .k

Ye-1 T Wk
fmjk,uﬁ(fk’ Vi T Ao A(‘h “_!g;—‘ ))

n&
[by (4.2.1); and 4.2.1%]
S
J)\U,LC!B(’K? - x; + }‘-Gk<pj + L‘_Ji))
Ve n.§
Yi~1 — Yk
Il T Yo+ ATl G + 2k
’ 8"' &

o el Y
J)\Ojkvﬂﬁ(sj’ X+ ’\‘Tjk(l’j A ))
7
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X-1 — X
- J)urjk.aﬁ.(tka x + 7\0',1(171 + —-y—»
f)

nE
- Xi-1 7 X Ye-1 T W
= |+ how p; + Ao g + ———
’ Vi B nE
-1 T X
+ Aoy ijk.as(sj, X + ?\Ujk(Pj + _T""‘»
J
Ximy — X;
- P)\djg.(xB("k’ x + KO’;k(Pj + ’/—‘|—I>>
i né
Xio| — X Ve ™ Wk
= |y + ko’jk(pj + _J__l._’) — (,Vk + )\ij(fIk + L....Jl))
Vi O ng
Xj_[ - “j o
i ng
[by (S,) and {4.1.3)]
Hence
“-Vj = ¥l .
= NMx; = villne + (0 = Ml — villae
< _ Ay ,
== NG — v+ Aoudp; — gllne + M = yi-1ll e
Xj_| - X/' N
+ Nayllhts) — h(fk)”n.gL( x; + }\ij(pj + —-) )(l + 150
i 0
whence, setting M{(1 — ) = €,
||fj - _Vk"n.g
O i
= X = Villne + —— 1% — vee
v + 5, HE; ] .Va”n.g v + 5 ”«\, Vi n“n.g
+ la; = v + €0l p; — e — Iy — vellne
€
Wl B 2
+ O'jk”/‘l(Sj) - h([/\')”n‘EL( .‘Cj + }\O'//\.(pj -+ —'y—‘”> (1 + [;]g)
7 nE
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The assertion follows from this by letting € ~ O and using the continuity
of L. =m

5. CONVERGENCE THEOREMS

In this section, we prove the main results about the convergence of the
approximation schemes introduced in the previous section.

Theorem 5.1. Let T > 0, x, € D(P), and m, £ € D® E, withm = u
R e(a). £ = v ® eB), o B € LY(R), 4, v € D. Assume (Sg) and (S)).
Then, for every T e (0, T), there exist a sequence {A,}, .~ Of partitions A,
={0=8<1f<--<fy,=Tm)} and sequences {x}}}13, { p{}}} of
members of & such that:

@)t = P(t, -y and t — p(t) are defined for each positive partition point

(ii) We have
(0. (X — K- E)
Ll e — P, ), £) + (n, PIE)
f-ho
k=12,...,Nn,n=1,2,....

(iii) lim,_. max,<g=ym(f — f%-1) = 0.
WT=Tn)=T,n=12,....
WMxg=xp,n=1,2,....
(vi) The step functions p” defined by

P = pi for t e (-1, f7]

converge to p in L([0, 7], D ® E).
(vii) The step functions ¢" defined by

Q"1 = xi for e (fi-), #]
converge in C([0, 7], D @ E) to a stochastic process ¢.: [0, T] — 4.

Proof Letn, £ e DX E, withm = u®e(a), § =v®eP), a, B e
LZ10o(R,), 4, v € D. Let [0, T]q be the subset of [0, T] on which p is defined,
let t — P(t, -) be hypermaximal monotone, and let the inequality of hypothesis
(S,)(a) hold. Then, by Proposition 2.3, there is a sequence A, = {0 = 1§ <
£ < o+ <t = T(n)} whose positive points all lie in [0, Tlyr, with 7 =<
T(n) = T and

lim max ({ —-#.)=0

n—ox TksNy
such that 4" and p" defined as in the theorem satisfy
lim [lh = K| = 0 = lim [lp = p"ll{%e (5.1.1)

Ry
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{II-1f2: m, € € D ® E} is the family of seminorms of L'([0, T(n)], D & E).
Denote p(#}) by pi and set x§ = x;.
With the set {#{} and the point xjj available, one can form the inclusion

(’ﬂ» (xlkl - x;:-l)é)
/A

€ =P, x)(m, §) + (m, pif)

=1,2,...,N@n);n= 1,2, ...; and solve this approximation scheme by
iteration. This proves the claims (i)—(vi).
To prove (vii), let & > 0 and select 1, € [0, T] such that P(f, +) and
h(ty) are defined. Denote D(P(ty, -)) by D. Pick x5 € D such that |{x; —
Xollne = 8. Then

flx = xsllne
= spap(th, Xi—y + 82pD) — Jspap(th, Xo)llne
+ s ap(tis x5) — Xsllne
= |xi + 3pl — xsllqe + 187 Papap(th, x5) e
{by part 1(i) of Theorem 4.1 of Ekhaguere (1995)]
= |lxfoy — Xgllag + Slpilne + 8% P(tE, X5) e
{by Proposition 2.2(ii)]

This iterative inequality leads to
k
et = xsllng = kagtt + 2 87 (P lne + Krellh@)line)
=

where use has been made of (3.3.2).
Since

lxf — xBllge = Ik — xslloe + llxs — xbllne
it follows that

ot — x5llqe
k
= Jlxs — xllage + knett + E. 31 (! lne + krehh(e) e
~

= Op (1) + TIE ¢ (5.1.2)

with
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Osne(t) = kit + f dr (|p(M e + KBellh(® e + llxs — Xollqe
0
and
T(n)
T3 ¢ J dr (|p"(v) = p(Mllne + Kllh'(1) = (1)l 00)
0

For fixed 8, lim,_,. II§ . = 0, by (5.1.1).
Next, define the grids (A, ,: m, n € N} by

(A, =@ ) j=1,2,...,Nim); k=1,2,..., N}
and the sets
Q. = (0, T(m)] X (0, T(n)]
=0, 71 X (0. 7]

Denote the even extension of the continuous function Oj ., to the whole
of [—?’, 7] ag.ai'n by O and let i = | — x{ll4c By Proposition 4.1
there is a positive number k., depending on max,z=,(|l|xt[l4¢), such that
6'1 8"1
a}’f{ 'qé 8:: + am ;n’i k. "‘lg 6:3 + Bm ajl'"kﬁ Inf (5 l 3)
8"1 n
mn

8n + am kg

where
e = kel — R e + Ilp7 — Pl

Estimates (3.3.2) and (5.1.2) show that k. is bounded by a number indepen-
dent of n.
Let Hy" {0 — R be defined by

HY (s, 0 = b for (s, 0) e (42, ] X (tiy, 11]
where b}’ is a solution of

3 o 88

. . L J m.n

!"7}& - Sn + am = HV\E 61; + am Jk=1mE + 6;\1 + 8};: Jkng

subject to

g = Opneldl = ) + Ting + TG, for j=0 or k=0
(5.1.4)
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The numbers b}, form a solution of (5.1.3) with equality sign substituted
for the inequality, subject to (5.1.4). By (5.1.2) and (5.1.3), we get that

le™s) — @"Olle = HZ(s, 1), 0=s1=1 mn=12,...
(5.1.5)

Define the functions wyg, z,:: ! = R, by
Wee = keellh(s) — RO e + “P(;) = pOllne
ZT}E = 68.1]&(5 - t) + 9([ - S)[ d’r wnE(T3 -5+ T)

0
'

+ 0(s — I)J dtwees — t + 1, 7)
0

where 0 is the Heaviside function satisfying

0 for t<0
9(’)“{1 for 120

Then, arguing as in Evans (1977), one gets

lim HYF(s, 1) = zq(s, 1) uniformly for 0= s, =T

mmn—w

It follows from (5.1.5) that

lim sup [|@"(s) = @ (Dllng = Zqels, 1)

mn—»

Znglts 1) = O5e(0) = flxs — xpllng <3
one concludes that
lim[le*(t) — @Oll4e =0 uniformly on [0, 7]
Finally, we check that ¢: [0, T) — o is 7,-continuous.
Let 0 = s <t = T Then, taking limits as m, n — « in (5.1.4), one gets

H(P(S) - ‘P(f)”n,g = qu(sy t)
= ea.ng(f -5 + f dv wo(t, 1t — 5 + 1)
0

= eg_.qg(t - S) + f dr (k,,gﬂh('r) - h(f -5+ T)“n.E_,

0
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+lp(m) — pt = s + D40

Since Oj ¢ is continuous on [0, 7] and translation is a continuous linear map
on L'([0, T}, D @ E). it follows that given € > 0 such that 0 < 8 < ¢, then
le(s) — (Ol ¢ < € for t — s sufficiently small. This shows that ¢ is indeed
7,~continuous and concludes the proof. =

Remark. For the proof of the next theorem, some other results are needed.
These are obtained in the sequei.

Proposition 5.2. Let P satisfy (Sy). For almost all 1 € [0, T}, define the
multifunction Q(r, - ): d — 2%(DEE) by

o, x)(m, &) = P(t, x)(m, £) — (n, p(HE)
x e DP(r, ) and arbitrary m, £ € D®E

where p satisfies (5,)(b). Denote the resolvent and Yosida approximation of
O, +) by JE(t. -) and O\(, -), A > 0, respectively. Then

(i) J1, x) = J\(t, x+ Ap(D)

(i) Ou(t, 1) = Py(t, x + Ap(D)) — p(0)
for arbitrary x € &, X > 0, and almost all r € [0, T].

Proof Letx € , A\ >0,m, £ e DRE, withm = u® e(a), £ = v

QeB) o, B € LR, u,v € D.
(i) Denote Jy op(t, x + Ap(1)) by y. Then

(ida(-) + APug(t, - N7'(x + Np(1)) =y

whence
x+ Ap() € y + Puglt, y)
whence
x €y + MPup(t, y) — p)
=y + AQua(t, )
= (idg(*) + NQug(t, - DY)
whence

J@ap(t, ) =y = Sy op(t, X + Ap(1)) (5.2.1)

for almost all r e [0, T]. This proves (i).
(i1) From (5.2.1),

—JRap(ty X) = —Jyoalt. X + Ap(D))
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whence

x N = JLap(t, ) x + Ap(1) = Syt X + Ap(D)
A A

whence
P([) + Q)\.aB({a X) = P)\,(!B(t’ x + }\p(f))
for almost all t € [0, T]. This proves (ii). =

Proposition 5.3. Let Q be as in Proposition 5.2. Assume that (5;) and
(S,) hold. Then

”‘Igaﬁ(to ,\') - Jguﬁ(s‘ x) “n.ﬁ
= )\“P(t) - p(S)“n.E + )\"h(t) - h(s)”n,f;L'(”x"n.g)(i + "Q)\.uﬁ(ta X)"n.g)

for almost all s, r € [0, 7], arbitrary X € (0, l].and 1, £ € D Q E, with
=y @e(a), E=vQePB) a, B € L 1o(RL), 4, v &€ D, where L’ is some
continuous, positive, nondecreasing function on R,.

Proof. The estimate is obtained as follows:
1T €ap(t, ) — J0p(s, Ol e
= [Unaplts x + Ap(D) — Jrap(s, x + Ap(9))[ne
[by (i) of Proposition 5.2}
= Mp® = p()lo
+ aaplt, x + Ap(0) = Iapls, x + Ap(D) e
= Mp@) = p()llq¢
+ NI Praglts X + Ap(D) = Py ap(s, X + Ap(D)||ns
= Mip() = p()llng
+ MA@ = A e Llx + XpOlla D1 + | Prap(ts x + Ap(D) 6]
(by (S2)]
= Nty = p()llng + MA@ = A& el Ulxllq (1 + 1Oy aplts lng)

by using (ii) of Proposition 5.2, with L'(0) = L{og + c,’lg), for some positive
constant cg, by the hypothesis on p. This concludes the proof. =

Remark. From Proposition 5.3, one gets
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NOnaplt, X) — Onop(s, Dlne
= |lp() = p()lne + 1) = M gL' Nxln (1 + 11 Oxaplt, )ll5)
whence
1O(s, 1) g = 1O( ) Le + lIp(0) — p() e
+ 1Aty = Al U1 + 100, ) 1qe) (5.3.1)

showing that D(Q(t, -)), D(O(t, +)), and D(Q(r, -)) are constant almost
everywhere.

Proposition 5.4. The inclusion

(m, % = -8B
R~ -

e =0, x)(m, §
implies
Osp_ (-1, Xi-2)(n. §) € Q- xi-)(m, &)

for arbitrary m, £ €e DR E, withm = u @ e(a), E = v ® e(B), o, B €
LYioc(Ry), u, v € D.

Proof. With 8; = £ — #{_,, replacing k by k — 1 in the given inclusion,
one gets

—(n, {28 € —(n, X{- &) — 8-, 0(fh-1, Xi-1)(m, )
= —xi2 € —xio — - Qaplfi-1s Xi-1)
= Xy € Xy + 0 Qaplti-y, Xi-1)
= sy aplli-1, Xi-2) = Xy
= Q1. O ap(Bi-1, Xi-2)) = Q(f-y, X3-1)
As
Oy aptiz Xi-2) € O 1, Qs aplli-15 Xi-2)
by part 1(iii), of Theorem 4.1 in Ekhaguere (1995), one gets
Osp_yaplli-1, Xi-2) € Oy, X-1)
whence
Qs (th-1, X{-2)(m, &) € Q_y, xi-1)(m, §)

for arbitrary m, £ € D Q@ E, withm = u @ e(a), £ = v Q e(B), o, B €
L3 6(R,), 4, v & D. This proves the proposition. m
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Proposition 5.5. Adopt the notation of Theorem 5.1. Denote ||p{ +
(X'Z—x - k‘)/&:"n.g by Cagkns for m, g eD .@ E’ with nm=u ® 6’((1), § =V
® e(B), a, B € LRy, u, v € D. Then, cpey, is bounded by a number
independent of & and n.

Proof. One has

, o Ko~ X
Pk o

Cn&.kn =
n.g

= | Psp.ap(ts Xioy + 3P ne
[compare (4.1.3)]

= | Pspop(ths iy + P8 — Popap(tt Xi-Dllne
+ ”Psz.aa(ﬁ:v J\J/\f—x)"n.g

= ||pillne + IPspap(th xE-Dllne

= |pillqe + 1P xi-) e

The map p is 1,-essentially bounded, since it is of essentially bounded
variation, by hypothesis. Hence, there is a number c,‘,g such that

||P7<' ”11,& = "p(tlkl)"né = ess sup ”P(f)”n‘g = Cvl]g
O0=s=T

To estimate the quantity | P(f7, xi— ()| let the multifunction Q be defined
as in Proposition 5.2. Then, the inclusion

. O — x{-1)E)
Lyl

€ —P@L, XD, & + M pi&), k=1,2,...,Nn

may be rewritten as follows:

@-—%‘__—"‘f)@ e -0 M. B, k=1,2,....Nn)
Set
Gime = 1O, X-1) e k=1,2,...,Nn)
Employing (5.3.1), with s = , 1 = #{_,, and x = x}_,, one gets
Gng = 1O, X)) e + 1P — PO ng
+ At ) — A el (xlla (1 + 1@, Xi=1) 1ng) (5.5.1)
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By Proposition 5.4,
Qap_,(fi1, Xi-2)(m, &) € O(r-y, x{-))(m, §)
showing that
Q-1 Xi-) Lg = 108 (fhi-y, X{-2)(m, )]
= 1Q(fF-1, Xt-2) I me
= G-t
Using this result in (5.5.1), one gets
kg = Qr-ime T Dingll + Qoo 0e) = dingGr-1me + bie
where

bime = P51 — D le
+ A=) — A el (il )
dk,n‘é =1+ bk.n§

From the last inequality, it follows that

k k
Grng = (al-né + Z bme) eXP(Ez b;:ng)
F! “

By the definition of p" and A",

ol

2 bine = Var(p") + L'(|lx|l,¢) Varg,(h")
i

= Vary(p) + L'(llxllqg) Varq(h)

Here

Var,e(z) = sup(Z[ lz(t)(m, &) — z2(5-)(m, E)l)

1935

for arbitrary m, § € D @ E, where the supremum is taken over all partitions
{t;}/=o of [0, T] lying outside the subset of [0, 7] on which the map z of

essentially bounded variation is undefined.

Since x, € D, using (5.5.1) and the fact that both p and h are
T,-essentially bounded, one shows that g, . = 1Q(#], xj) !¢ is bounded by
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a number independent of n. From this, one gets that g = 1Q(, x{— )¢
is bounded by a number which does not depend on k and n. As
LP(t, Xi-1) g
= HmIP\(1, xt-)(m, §)I
AM0

= ii\l}g'Qx(t'é, -1 = Ap())(m, €) + (n, p(HE)!
= liEI})IQx(f'i Xe-1 = AP, &) — Ow(th, X)), §)1
+ li\rj(l)le(I", xi-)Mm, 1 + lpd) g

= 1Q@ xi- )l + 2l p)lqe

it follows that | P(f{, xi{_,) | ¢ is also bounded by a number that is independent
of both k£ and n. This concludes the proof. =

Theorem 5.6. Let T > 0, x, € D. Assume that (8¢) and (S,) hold. Then
the conclusions of Theorem 5.1 remain true.

Proof. 1t is easy to show as in Theorem 5.1 that claims (i)—(vi) are again
valid. In proving (vii), one notes that the estimates obtained in the proof of
Theorem 5.1 also remain valid. But now the constant k,; depends on both

Xi-y — X

pi +
A

e = max (Ixll.e)  and 1% =

k=n

nE

in view of Proposition 4.1. It must be shown that k.. has a bound that is
independent of both k and n. We have already seen that I}, = maxo<i<q(|1x]l.0)
has such a bound. By Proposition 5.5, /% also has a bound that does not
depend on both k and n. The assertion (vii) now follows as in Theorem 5.1.
This concludes the proof. =

6. COMPARISON OF LIMIT SOLUTIONS
Let T > 0. Consider the initial value stochastic differential inclusions
dX(t)y e —(E(t, X(1) dAL(t) + F(t, X(0)) dA{1) + G(1, X(1)) dA; (D)
+ H(t, X(1)) dt) + p(1) dt almostall t e (0, 7] (3.2.1)

X(0) = xg for some xp € o
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and
dY(r) e —(E(, Y(1) dA,(1) + F(t, Y(1)) dA,(8) + G(t, Y(1) dA;(t)
+ H(t, Y(O)) dt) + g(t) dt almost all ¢ € (0, T}
Y(0) =y, forsome y,e oA (3.2.1)y

By Theorem 6.2 of Ekhaguere (1992), these are equivalent to the differen-
tial inclusions

d
= (m, X(NE) € —P@, X(1)(m, &) + (0, p(E)

for almost all t € (0, T] (3.2.1)p
X(O) = Xg

d
7 (m, Y(DE) € —P(t, Y())(m, &) + (m, g(0E)

for almost all ¢t e (0, T] (3.2.1)
Y(0) = yo

with P as defined in (3.2.2) and p, g: [0, T] — s.
In this section, we compare the limit solutions of (3.2.1), and
(3.2.1)p, which are constructed as in Theorems 5.1 and 5.6.

Theorem 6.1. Let T > 0 and (Sy). Suppose that both (3.2.1), and
(3.2.1)p satisfy the hypotheses of Theorem 5.1 or else the hypotheses of
Theorem 5.6. Then the limit solutions ¢ of (3.2.1)p and . of (3.2.1)p,
which exist by (vii) of Theorem 5.1 or Theorem 5.6, satisfy the integral
inequality

”‘Pw(f) - ¢°°(t)un.§ = u ‘Pm(s) - ¢w(5)!!n.€
+ J dt [p(1) — q(1), (1) — da(T)]e

for arbitrary m, £ e D® Eand almostall 0 s s <t =T
Proof. By either Theorem 5.1 or Theorem 5.6, there are partitions
Am = {O = SG’ < SII" << s:{/,l(m) = S(m)}

A:Iz {O=fg<f'|t< e <Il:\;l'(n)ET(n)}
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and sequences {x}'}, {¥i}, (P}, {g%} of members of o such that

M, (" — L )E)
S 8-

e —P(s, ), §) + (m, p}'E),

J=L2,....Mim), m=1,2,...

and
(n, Ok = Yi- )&
= e —P(t, YD, §) + (0, qLE)
Be = -y
k=1,2,....,Nn); n=1,2,...
mEe DRE.
Setj' = s — sjL1, 8 = & — fi_y, X§ = xo, and y§ = y,. Define the

sA-valued maps @™, p™, ¢", q h'" ™ by
¢"(s) = X, pr(s) = pf, h"(s) = h(s") for s e (sf.), 57"
and
&™) = ¥, T = qi, Rty = h(t}) for re (¢, 4]
Choose A,, and A, such that
lim |p" = plife = 0 = Limllg" — qlli%e
and

lim |7 — hll{g = 0 = lim A — Al

n—»o n—w

M, & € D ®E, where {|I-[[{n:m. £ € D@ E} and {|-|{3: M. £ e D&
E} are the families of seminorms of LY([0, S(m)], D & E) and L'([0, T(n)],
D @ E), respectively.

Introduce

Ay = {1y sPIX G- ) j= 12, ..., Mm); k= 1,2, ..., N(n)}
Oy = (0, M(m)] X (0, N(m)],  Q =(0, 8] x (0, T]

Pick any A > 0. Then, by Proposition (4.3), the numbers aj7: = [x' —
Vil satisfy the inequality (5.1.3) with

HWine = koellh(s?) — hEDlqe + [ — ¥4 Y — gilane
and 8" replaced by y". As in the proof of Theorem 5.1, one gets

X = Xl e = Odne(s) + I
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and
It — yillne = Ot + TIE%e

with the obvious definitions of 6} ¢ Il j = 1, 2. The functions eg,,g
are continuous, with 0 < ©4 () =8,/ = 1, 2, and I1{%: — 0, [1§% —
as m, n — ®.

_ Define TTj e = max(TI{5, TI5%,) and let O ¢ be the even extension to
[—T, T] of the function t — max(0} (1), O%.&(1), t € [0, T]. As in the proof
of Theorem 5.1, introduce the maps wyg, Zq¢, and Hy" from {1 — R by

WaglS, 1) = knella(s) — h(Dllng + [P(8) = (1), @(s) = GulD)lrng

Zag(8, D) = Op et — 8) + [lxg — yollge + 8t — 5) J' At welt, t — s + 1)

0
{
+ (s —I)J dr wo(s — 1+ 1, 7)
0
where 0 is the Heaviside function, and
H3(s, 1) = bfihe, (5, D) € (5%, 571 X (G-, 1]
where the numbers b7, solve the iterative scheme
ma O m.n v m.n 82”‘;’;’ : -

JkmE S + '." i1 kme o + '," i T B + yr kg
Time = eaqg(sj"' =) + e + H&ng + llxo = yollne for j=0o0rk=20

Following the same arguments as in the proof of Theorem 5.1, one gets

le"(s) — &"(Ollng = H(s, 1)
lim Hy'(s, ) = z,,g(s 3]

mn—®

and
"(Pm(s) - (bOO(t)”n.g = an(sv [)’ (S, t) e {1

Hence

" Px(s) — (D) " &

i an(s, I‘)
<5+ o — vollue + f 47 () — () o) — DulD)]ye
0

by letting & ~ 0 and A ~ 0. This concludes the proof. =



1940 Ekhaguere

Remark. Using (vi) of Proposition 2.1, we obtain from the last inequality

Nox(s) = dul®llne =8 + llxo — yollne + j dr ||p(7)
0

= gDl (6.1.1)

7. THE EVOLUTION OPERATOR

Let s > 0 be fixed. Consider again the initial value stochastic differen-
tial inclusion

dX(t) e —(E(t, X(0)) dA () + F(t, X(1)) dA(t) + G(t, X(1)) dA; (1)
+ H(t, X(1)) dr) + p(t) dr almostall ¢t e (s, 7] (3.2.1)y

X(s) = x, forsome x, € A

which is equivalent to the differential inclusion

d
7 (m, X(NE) € —P(t, X(0)(m, &) + (m, p(1)E)

for almost all r e (s, T (3.2.1)p
X(s) = x;

for arbitrary m, £ e DR E, withm = u @ e(a), E = v ® e(B), o, B €
L3ic(R,), u, v € D.

In Ekhaguere (1995), the case corresponding to p = 0 was considered
and it was shown that Problem (3.2.1)x has a unique adapted solution. This
same conclusion applies also to any nonzero p &€ C([s, 7], D ® E). In this
paper, we have been examining a more general setting.

Suppose that Problem (3.2.1)y has a unique adapted solution ¢. One
may interpret (3.2.1)x as describing a system whose state at time s is @(s)
= x,, while @(¢) is the state of the system at some later time ¢ = 5. One says
that the system has evolved from the state ¢(s) to the state ¢(¢), t = 5. This
transition may be described by means of a transformation U(¢, s) which
moves ¢(s) to ¢(¢) thus:

Utt, s)e(s) = ¢(2), 1= s a.n
It follows that
Uls, s)e(s) = ¢(s) (7.2a)

and by the assumed uniqueness of the solution of Problem (3.2.1)x,
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UG, nU(r, s)e(s) = U, s)e(s) (7.2b)
for s = r = 1. The relations (7.2a) and (7.2b) are called evolution conditions.

Definition. A map U from the set {(r, s) € R3: 0 =<s =<1 =T) to the
set of all operators on s is called an evolution operator if it satisfies (7.2a)
and (7.2b).

Remark. The evolution operators described in this paper are, in gen-
eral, nonlinear.

Definition. Let the hypotheses of Theorem 5.1 or Theorem 5.6 hold and
let @, be the limit solution whose existence is affirmed by these results with
the initial time O replaced by s = 0. Define

Ult, s)x; = @{1), te (s T] (7.2¢)
By Theorem 6.1, ¢ is uniquely determined. Hence, U(z, s) is well defined.

Proposition 7.1. Let s € (0, T]. Assume that xp, yp € A and the
hypotheses of Theorems 5.1 and 5.6 hold on [s, T] for both x; and yy. Then

UG, $)xo — UL, $)yollne = llxo — Yollne (7.3)
foralls=r=sTm £ DYE.
Proof. This follows from (6.1.1).

Rgmarﬁ. One concludes from (7.3) that U(z, s) admits a unique extension
from D to D under the hypotheses of Theorem 5.6.

Proposition 7.2. If ¢ is the limit solution anising from the hypotheses
of Theorem 5.6, then @.(¢) lies in D for every t € [0, T].

Proof. Let t e [0, T] be such that (Sp) and (S,) hold. Construct the
partitions {A,},c~ and the sets {pfli-, {xf}}=, as in Theorem 5.6. As
demonstrated in the proof of Proposition 5.5, | P(¢f, x{_,)(m, &)| is bounded
by a constant indepenc}ent of k and n, for arbitrary m, £ € D ® E. Since
xi-1 € D(P(t, -)) = D, by (S;)(a),

’P(Ia Xﬁ—))("l, g){
= P}, x¢-1)(m, §)!
+ 1) = AON e LT (1 + 1P, X ), ©)1)

showing that the right-hand side of this inequality is bounded by a constant
independent of k and n. Choosing k = k(n) such that t; — © as n — o, then
x{_; T,-converges to @x{f). As
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IPA(t, @u(D))(M, )1
= 1P\t xi- ), )1 + 1P X)), &) — Pyt ()7, &)1

= P, xi-1) g + i"ﬂﬂ — @Ol e

and {IP(1, x{-))!4¢} is bounded by a constant independent of £ and n, it
follows that @.(t) € D.

Finally, let ¢ in [0, 7] be arbitrary and {¢,} C [0, T] be such that .(t,)
e D and 1, — 1. Then, choosing f, € [0, T] such that P(fy, - ) is hypermaximal
monotone with [)(P(t(,, )= D, the numbers 1 P(ty, @=(t,))(m, €) | are bounded
by a constant independent of n and ¢(1,) T,~converges to ¢..(¢). Hence, the
foregoing inequality also gives @«(f) € D. This concludes the proof. =

Remark. The next result demonstrates that the operator U defined in
(7.2¢) satisfies the evolution conditions (7.2a) and (7.2b).

Proposition 7.3. Let 0 = r << s < 1 < T. Suppose that the hypotheses
of Theorem 5.1 (resp. Theorem 5.6) hold for Problem (3.2.1)y on [r, T] for
some initial value X(r) = xy. Then:

(1) The hypotheses of Theorem 5.1 (resp. Theorem 5.6) also hold on [s,
T] with initial data y, = U(s, r)xo.

(1) U, nNxg = U, s)U(s, r)xg.

Proof. (i) Observe that y, € D, since U(s, r)xy is the 7,,-limit of solutions
¥} € D of approximation schemes for Problem (3.2.1)y. Hence, Theorem
5.1 holds on [s. T] whenever it holds on [r, T]. By Proposition 7.2, y, & D
if Theorem 5.6 holds.

(i) This is proved by comparing, as in Secttons 5 and 6, the two stochastic
processes U(-, rixg and U(-, s)U(s, r)xy by constructing two approximating
schemes that converge to these processes, whence one finds that U(-, r)x,
and U(-, s)U(s, r)xp, which is equal to U(-, s)ye, coincide. This concludes
the proof. =

Definition. The family of multifunctions {P(t, -): t € [0, T}} is called
the generator of the evolution operator U(-, - ) described in Proposition 7.3.

8. LIMIT SOLUTIONS AND SOLUTIONS

In this section, we describe the relationship between a limit solution
constructed in Theorem 5.1 or Theorem 5.6 and a solution of Problem (3.2.1)y.

Remark. We give two results in this section, the first of which establishes
that a solution of Problem (3.2.1)y can be constructed as the limit of solutions
of approximation schemes.
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Theorem 8.1. Let T > 0, P € Hypmax([0, T) X &), p € L'([0, T), D
& E), and ¢ a solution of Problem (3.2.1)x such that the sesq(D & E)-valued
map (m, £) = (dldt)(n, o(-)€),m, § € D ® E, on [0, T} is in L'([0, 7], D
® E). Suppose that P also satisfies either (S,) or (S,). Then, for every 0 <
s < T<T, gis the T,-limit of solutions of approximating schemes on [s,
7], in the sense that there are partitions {A,},en, With A, = {s =15 < <
oo < iy = T(n)}, of [s, T(n)] and sequences {x} 1349, { pi}#¥Y, such that:

WT=Tmw =T

(1) lim, e Max <g<neny (G — =) = 0.

(iii) x§ = xo.

(iv) The step functions p”, defined by

pty=pi  for te (fy, 1

satisfy lim,_llp" — pll{’) = 0O, for arbitrary m, { € D ® E.
(v) The step functions ¢", defined by

o) =xp  for te (H-y, 1l
solve

(n, (0% — X
0 -y

e —P(t, x)(n, &) + (n, prE)

k=1,2,....Nn);n=1,2,...;m,E e DQE.
(vi) The step functions 4", defined by

() = h(%0) for t e (-, K]

satisfy lim,_[|4" — All{%¢ = O for arbitrary n, £ € D @ E.

(vii) ¢" converges to ¢ in C([s, T], D @ E).

Here {[-]|{2 m, € € D ® E} is the family of seminorms of L'([0,
T(n)], D ® E).

Proof. By Proposition 2.3, there are partitions {A,},en, With A, = {s
=@4<f <o <ty = T(n)}, of [s, T(n)] such that: (i) and (ii) are valid;
the complex-valued function ¢ — (n, ¢(0)§), t € [s, T], is differentiable at
each partition point ¢}, except perhaps at s, for all m, £ € D @ E; the inclusion

(‘% (. @(')E))(ﬂ:) e —P#, o(t))(m, &) + (m, p(tHE)

holds for arbitrary m, £ € D ® E; 4" and the step function p" defined by
P = p(f)) for t e (-, t}] satisfy

lim[[A" = All{3g = 0 = lim|[p" — pll{izg

7n-—3c
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for arbitrary m, £ € D ® E; and the sesq(D & E)-valued map ¥” on [s,
T(n)} defined by

(6)(m, &) = (% (. cP(-)«E))(rZ) for te (-, 1]

satisfies lim,_,[|¥" — W[|{"): = 0, where V¥ is the sesq(D @ E)-valued map
on s, T(n)] defined by (m, §) ~ (dldt)m, ¢(-)E), n, £ € D ® E. Define
xf = o(t}). Then, (vii) is satisfied and one has
M, O — 2=
=

e =P, X)(m, &) + (n, pi§)
for arbitrary 1, £ € D ® E, where { p{}{“) are defined by
(@) — @t
(n, pi&) = (x, )( (. o(- )«E))(ti) 4 e 6D ~ 6ld- )

0= fey
Define p" by p"(t)y = pifort e (f{_, ] It only remains now to show that
lim|lp" = pli{ne = (*)

for arbitrary m, £ € D @ E. Note that we already have
lim|[5" = plifiae =

for arbitrary m, £ € D @ E. Define the sesq(D ® E)-valued map " on [s,
T(n)] by
(B, &)

_ m, (o(5) — (k- 1)) for te(@nrl, nEcD®E

fﬁ - fZ—l
Then
d
f dt |w"(t)(m, &) — (E (n, cP"(')&))(t)
[5,T(n)]
Ny (et — olfy-
-3 @ f;_oim (‘*’(;)_ f(‘ D8 _ <§; (n, ¢<->&>)<f,:)
k= k k=1
N(n) d
= 2 { e(NE) — (E (m, <P(~)§))(t£)
’A 1

= { dt 1W(0)(m, &) — (), &)
{5,70m)]

il 2l 4 £
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which tends to zero as n — ¢, by the choice of partitions. It follows that (*)
holds. This concludes the proof. =

Remark. There is the following corollary of Theorem 8.1.

Corollary 8.2. Let the hypotheses of Theorem 5.1 or Theorem 5.6 hold
and ¢ be a solution of Problem (3.2.1)x on {0, T]. If ¢. denotes the limit
solution described in (vii) of the theorems, then ¢ = ..

Proof. Let € > 0 be given. As ¢ and ¢.. are in C([0, T], D ® E) with
@(0) = x5 = @.(0), there is some s € (0, T) such that [[¢(1) = @x(T)[lne =
efor0 =7 =35 Choose Tsuchthat 0 < s < T <T.

Using the notation of Section 7, we may write ¢.(f) = U(t, O)x;, and
both Theorem 5.1 and Theorem 5.6 hold with the initial value U(s, 0)x,.
Hence, U(z, 0)xy may be constructed as the limit of solutions of approximating
schemes on [s, T}, satisfying (i)—(vii) of Theorem 5.1. By Theorem 8.1, ¢
is also the limit of solutions of approximating schemes. Comparing the two
approximating schemes whose solutions converge to ¢, and ¢ gives an
inequality as in Proposition 6.1, which upon taking limits gives

o) = @=(Dllng = llls) = @x(le
for all t € [s, T] and arbitrary m, £ € D ® E. By the choice of s, this gives
llo(t) — @ulD)llne = €

for all + e [0, T] and arbitrary 1, £ ¢ D & E. It follows that ¢ = ¢, as €
> 0 was arbitrary. This concludes the proof. =

APPENDIX

The following is a restatement of Proposition 3.4 of Ekhaguere (1995),
in which the phrase maximal monotone had been inadvertently omitted.

Proposition 3.4 (of Ekhaguere, 1995). Let % be a regular, maximal

monotone multifunction from & into 2¢P2EXM and o B & LF0(R,). Then:
_ (i) The multifunction Popap has convex and T,-closed values in

2(&‘1@&1)&!3'

(i) Ifxe d,a e (d ® &@)aﬁ, {x5: 8 € A} is a net that T~converges
to x, ay € Papap(Xs), and the net {as: d € A} 7.-converges to a, then a
€ QP&B&B(X)- - ~

(b) IfPifof theformP =P ® L,x e d,a e Ag® 1, {x5:3 €
A} is a net that T,-converges (0 x, a5 € P,pap(Xs), and the net {as: & € A}
T~converges to a, then a € Popaplx). ®
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